Quantum-state extraction from high-Q cavities 
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The problem of extraction of a single-mode quantum state from a high-Q cavity is studied for the 
case in which the time of preparation of the quantum state of the cavity mode is short compared 
with its decay time. The temporal evolution of the quantum state of the field escaping from the 
cavity is calculated in terms of phase-space functions. A general condition is derived under which 
the quantum state of the pulse built up outside the cavity is a nearly perfect copy of the quantum 
state the cavity field was initially prepared in. The results show that unwanted losses prevent 
the realization of a nearly perfect extraction of nonclassical quantum states from high-Q optical 
microcavities with presently available technology. 

PACS numbers: 42.50.Dv, 42.50.Gy 



I. INTRODUCTION 

High-Q cavity QED has offered a number of novel pos- 
sibilities of quantum-state engineering (see, e.g, Refs. 0, 
1^1 Hi Q and references therein). In particular, it provides 
promising tools to generate nonclassical quantum states 
of atoms and light for further use. Accordingly various 
applications have been proposed, with special emphasis 
on quantum communication and computation 
In contrast to atomic states, the usage of quantum states 
of light as carriers of quantum information is especially 
appropriate, due to the reliability of light to propagate 
over long distances ■ 

Various schemes for generating nonclassical light in 
cavities have been considered. They are typically based 
on effective two-level atoms. A generator of single pho- 
ton Fock states in an active microcavity with pump self- 
regularization has been presented fl3|. It has also been 
shown experimentally that an entangled state of two non- 
degenerate cavity modes can be produced with means 
of a sequence of differently tuned interactions of a pair 
of single atoms with the two cavity modes 0|, and a 
scheme for entangling two modes of spatially separated 
cavities by consecutively passing through them atoms 
has been purposed ^ scheme has been proposed 

[is"! and experimentally realized for the generation 
of photon number states on demand, by subjecting sin- 
gle two-level atoms passing through a cavity to tt pulse 
interaction. Similarly, a proposal has been made for en- 
tangling two cavity modes via interaction with a bunch 
of two-level atoms assisted by a strong classical driving 
field jl5(| . Schemes that exploit multilevel atoms have also 
been studied both theoretically 0, 0| and experimen- 
tally with special emphasis on effective three- level 
atoms of A type. 

The main obstacles to generate nonclassical states are 



the various decoherence effects associated with, e.g., the 
motion and spontaneous emission of the atoms as well 
as scattering, absorption, and transmission of the pho- 
ton field. Several proposals have been made to reduce 
the effect of decoherence due to the atomic motion 19]. 
In order to reduce unwanted spontaneous emission in 
schemes that exploit multi-level atoms, adiabatic transfer 
techniques have been promising Moreover, 
the adiabatic passage is the main idea of the proposal of 
quantum networks of trapped atoms, where cavity modes 
provide communication channels, by leaking out of the 
cavities and propagating via optical interconnectors . 
Scattering and absorption losses, which are unavoidably 
connected with any material system, may be reduced by 
well designed cavities and the use of materials showing 
extremely weak absorption, and almost perfectly reflect- 
ing mirrors reduce the transmission losses. In particular, 
in Ref. _2lj a method is presented for the protection of a 
generic quantum state of a cavity mode against the deco- 
hering effects of photon losses by feedback atoms crossing 
the cavity mode. 

On the other hand, transmission losses are necessar- 
ily required to be taken into account in order to imple- 
ment high-Q cavities that can serve as sources that emit 
nonclassical radiation for further use outside the cavities 
Elllllllllllll- The natural question arises whether 
or not nonclassical states of light, once generated inside 
a high-Q cavity, can be extracted from the cavity and 
what the ultimate limits are. In the schemes considered, 
it is often made the ad hoc assuniption of nearly perfect 
extraction (see, e.g., Refs. llS E llS, El ) . The fact how- 
ever is that even very small material absorption may be 
expected to lead to drastic quantum state degradation 
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Recently, homodyne detection of the quantum state of 
the field leaving a high-Q cavity has been studied theo- 
retically . From the results it might be expected that 
the quantum state, in which an excited cavity mode is 
prepared at some initial time, can be perfectly extracted 
from the cavity, so that after sufficiently long time, i.e.. 
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when the cavity is effectively empty, the pulse which has 
left the cavity is in the same quantum state as the cavity 
mode initially was. However, in the analysis the effects 
of unwanted losses (such as absorption and scattering 
losses) on the extracted quantum state have not been 
considered. Moreover, instead of calculating the quan- 
tum state of the outgoing field directly, the authors base 
the derivation on an operational definition of the Wigner 
function in terms of collective mode operators introduced 
within the frame of the homodyne detection scheme con- 
sidered. The reason is that they claim that due to the 
mode continuum outside the cavity the Wigner function 
would be ill defined. 

In this paper, we directly calculate as a function of time 
the quantum state of the pulse which leaves a high-Q cav- 
ity and may be used for further processing. The calcu- 
lations are performed for arbitrary s-parametrized phase 
space functions, including the Wigner function. Taking 
into account both transmission and unwanted losses of 
the cavity mode, we show that the crucial parameter for 
the efficiency of quantum state extraction is the ratio 
of absorption losses to transmission losses of the cavity 
mode. As we will see, a quantum state can be almost 
perfectly extracted after sufficiently long time, only if the 
value of this ratio is sufficiently small, thereby the truly 
required smallness sensitively depending on the nonclas- 
sical features of the state. 

The outline of the paper is as follows. In Sec. ^ the 
model is explained and the basic equations, including the 
operator input-output relations, are given. The quantum 
state of the outgoing field is calculated in Sec. IIIII and 
Sec. IIVI presents two examples. Finally, a summary and 
some concluding remarks are given in Sec. Ivl 

II. BASIC EQUATIONS 

A. Quantum Langevin equation 

Let us consider a one-dimensional high-Q cavity 
bounded with a perfectly refiecting mirror at x = and an 
almost perfectly refiecting mirror at x — I. For a high-Q 
cavity, the widths 7^ of the cavity modes at frequencies 
ujk = knc/l are very small compared with their separation 
Auj =LUk+i — LOk^T^c/l, where c is the velocity of light. 
Being interested in resolving times that are large com- 
pared with the time of propagation of light through the 
cavity, we may expand the intracavity field in terms of 
standing waves at frequencies Wfc, where the associated 
photon creation and annihilation operators aj^ and at,, 
respectively, obey quantum Langevin equations |23, 113 • 
For sufficiently large Q values, we may further assume 
that the time of excitation and preparation of a cavity 
wave in a (desired) quantum state is short compared with 
its decay time (but still long compared with the propaga- 
tion time through the cavity) . In this case, the process of 
preparation of the cavity quantum state is well separated 
from the process of its transmission to the outside space. 



Let ^cav be the quantum state an excited cavity wave is 
prepared in at some initial time to. For times t>tQ, the 
corresponding Langevin equation for the photon annihi- 
lation operator associated with the excited mode then 
reads 

a = -i [Wcav - I (7rad + 7abs)] & 

In the first term, 

7rad = ||Tp (2) 

is the decay rate of the cavity mode which results from 
the transmission losses due to the radiative input-output 
coupling, and 

7abs = ^|Ap (3) 

is the decay rate which results from the unwanted losses, 
briefiy referred to as absorption losses in the rest of the 
paper, such as the unavoidably existing material absorp- 
tion and scattering. For a high-Q cavity, both the trans- 
mission coefficient T and the absorption coefficient A are 
very small compared with unity (|T| <C 1, \A\ <C 1). Note 
that T and A are taken at the cavity-mode frequency 
Wcav. The second term in Eq. is the Langevin noise 
force arising from the input radiation field, where 

Sin(t) = — ^ / Aujbir,{uj,t) 
V27r JAw 

= 1 /■ dc.6(c.,io)e-^'^(*-*»\ (4) 
V27r Jau) 

and the third term is the Langevin noise force associated 
with absorption, where 

c(i) — / dLoc{u!,t) 

= -^l da;c(a;,to)e-'"(*-*"^ (5) 

Here and in the following, the notation dw ... is used 
to indicate that the integration runs over frequencies in 
the interval [wcav ~ Aaj/2, cjcav + Aa;/2]. The operators 
a{t), b{uj, t), and c{uj, t) satisfy the familiar bosonic equal- 
time commutation relations 

[a{t),a\t)\^l, (6) 
[h^{u;,t)M^{u',t)\ ^5{uj-oj'), (7) 
[c{u;,t)rc\u:',t)\=5{u-uj'). (8) 
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It is not difficult to see that the solution of Eq. iQJ can 
be given in the form of 



a(t) — a{to)e 

1/2 



l^cav - 5 (7rad +7abEi ) (t-*o) 



(7rad+7ab=)] (*-*') ^^^(i') 



of Eq. H16|l (with real T) is based on quantum noise theo- 
ries whereas in Ref. |30| a more rigorous QED derivation 
is given (also see Ref. jSlI)- Equation (fT?)| corresponds 
to the following equation for the continuous-mode output 
operators bouti^,t)- 



to 

1/2 ft 



6out(w,0 

C N 1/2 



+ f^y A dt'e-'h--5(7.ad+7ab=)](t-t')c(i'). (9) = (^) 

\iU J \2l/ 



T hm 



B. Input-output relation 

In close analogy to Eq. 10}, output operators 
1 



bontit) 



V2^ Ja. 



du; bout{uJ,t) 



1 



dtj6(w,ti)e-*'^(*-*i) (i<ti) (10) 



Au 



can be introduced, where, similar to Eq. the bosonic 
commutation relation 

[K,,,{uj,t),blut{^',t)] ^5{U-L0') (11) 

is valid. Taking into account that, on the time scale under 
consideration, the lower and upper integration limits of 
the frequency integrals can be extended, with little error, 
to — oo and -|-oo, respectively, from Eqs. (@J) and I|1U|) 
together with the commutation relations iQ and it 
then follows that the commutation relations 



and 



[6out(i),&L(i')] =^(i-i') 



(12) 



(13) 



may be regarded as being valid. In a similar way, from 
Eqs. (O and ijHJl we derive 

[c(i),ct(0] =Sit-t'). (14) 

Other important commutation rules are 

[a{t),kn{t')]^[aHt),kn{t')]^Q if t<t'. (15) 

The output operator 6out (t) can be related to the cavity 
operator a(t) and the input operator 6in(i) according to 
the input-output relation 

1/2 



(*^^(^) (16) 



where 



R 



T 



(17) 



We renounce to repeat its derivation here, but refer the 
reader to the literature 123,133. In Ref. ^3 the derivation 



2U t,^t+ V2Trjt„ 
-Rb{u;,to)e-"^'-*-'°\ 



dt' e'"^^'^'">a{t') 



(18) 



The proof of this equation is straightforward. Substi- 
tuting Eq. (|18|l into Eq. H10() . performing the frequency 
integral as before (i.e., extending the integration limits to 
=Foo), and recaUing Eq. we exactly arrive at Eq. 
Note that 6out(w,t) and bl^^^_{uJ , t) , as given by Eq. l(TH|l . 
fulfill the commutation rule Hll|) . 

We now substitute Eq. (j^ together with Eqs. Q and 
© into Eq. lO to obtain 



t)^F*{uj,t)a{to)+B{uj,t), (19) 
where the function F{Lo,t) is defined by 

F{uo,t) = 



e^]i{-i [cJ-CJeav-§(7rad+7abs)] (^-^o)}~l 
UJ — CJcav — f (7rad + 7abs) 

(20) 

and the operator B{uj,t) is a linear functional of the op- 
erators b{uj,to) and c(aj,to) according to 

B{uj,t)^ I duj'G*{uj,uj\t)b{uj',to) 

J Au 

+ I duj'H*{uj,uj',t)c{tj\to). (21) 

J Auj 

Here, the functions G(w,w',t) and H{u!,u!',t), respec- 
tively, are defined by 

G(w,a;',i) =T*^(w,w',i)+i?*e*'^'(*-*°)j(w-w') (22) 
and 

H{Lo,Lo\t)=A*ato,Lo\t), (23) 
where ^{uj,uj',t) reads 

1 



27r 2/ UJ — UJ, 



^{uj,uj',t) - 

( giw'(i-to) _ gi 



cav - §(7rad +7abs) 

+ i(7rad+7aba)](t-to) 



W' - Wcav - 5(7rad + 7abs) 
JiAj{t-to) piiAj'{t-t„) ) 



(24) 
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It is not difficult to see that from Eq. (|19|l together with 
the commutation rules © and it follows that 

B{uj,t),B^uj',t)\ = 6{lu-uj')- F*{uj,t)F{uj',t). (25) 

Note that 

[a{to), B{lu, t)] = [aito), B^itu, t)] - 0. (26) 



III. QUANTUM STATE OF THE OUTPUT 
FIELD 



A. Characteristic functional 

To calculate the quantum state of the output field 
in the frequency interval [cjcav ~ Auj/2, Wcav + Atj/2], we 
start from its characteristic functional 



= Tr < ^ exp 



Au 



, (27) 



where g is the density operator of the initial quantum 
state of the overall system, i.e., its quantum state at 
t = to. To further handle the functional, it is convenient 
to regard the integral as the limit of a sum, perform the 
calculations for the sum, and take the limit at the end of 
the calculations. That is to say, we write 



Cout[f3{io),t] = lim Cout(/3,t) 



(/3i,/32, ■ • ■ ,^jv)], where 



Cout(/3,i) =Tr<^ ^exp 



N 



(28) 



(29) 



Here, /3„ and bn{t), respectively, are defined by 



f3n 



1 



Suj 



duj P{uj) — V(5ijj/3(ijj„) 



(30) 



UJn ~5uJ /2 



and 



w„+(5li;/2 



bn{t) 



dw6out(t^,i) 



—6uj/2 

(Suj^Aiv/N). Note that 

The discrete version of Eq. H19|l then reads 
b„{t) ^ F:{t)a{to) + B„{t) , 



(31) 



(32) 



(33) 



where F„(i) and Bn{t) being defined according to 
Eqs. (1201 and ||2U, respectively, with F{uj,t) and B{uj,t) 
instead of /3(w) and bout{i^,t), respectively, and Eq. 
changes to 

[B„(i), Blit)] = Snn' - F:{t)F^,{t). (34) 

Let us assume that the (initial) density operator g is 
factorable as 



Q = Qcav <X1 gin <X1 g^hs 



(35) 



(^cav, density operator of the cavity mode; ^in, density 
operator of the input field; gabs, density operator of the 
dissipative system responsible for absorption). Substi- 
tuting Eq. (jSSl into Eq. we may write, on recalling 
Eq. 



Cout if3,t) = TtI gciiv exp 



X Tr ^in «) ^abs exp 



AT 



n=l 
N 



J2PnBiit)-U. 



n=l 



(36) 



In what follows we consider the case in which both the 
input field and the dissipative system are initially in the 
vacuum state. In this case, the second trace in Eq. H36|) 
simply reduces 



Tr < gin (g> gabs exp 



exp'^ 



^/3„St(t)-H.c, 

N 



(37) 



which can be easily proved to be correct by recall- 
ing the commutation rule (|34(l and applying the Baker- 
Campbell-Hausdorff formula to write the exponential op- 
erator in normal order. Combining Eqs. (|36|l and H37|l . 
we may rewrite Cout(/3,i) as 



Cout (/3, t) 



exp 



N 



g2|A(/3.*)Pc'cav[A(/3,<)]. (38) 



Here, 



Ccav(/3) = Tr 



(39) 



is the characteristic function of the quantum state of the 
cavity mode, and the function A(/3,t) is defined by 



N 



A(/3,t) = E^"W^" 



(40) 
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Equation H38|l relates the multidimensional character- 
istic function of the quantum state of the multimode 
output field (at time t>to) to the characteristic func- 
tion of the cavity- mode quantum state (at time to). Let 
Cout(/9,i;s) and Ccav(/?;so) be the respective character- 
istic functions in arbitrary s- and so-order, respectively. 
The extension of Eq. H38|l valid for s = sq — O to arbitrary 
values of s and sq is straightforward: 



Cout(/3,i; s) = exp 



N 



xe2l^('^-*)l'(i-^°)Ccav[A(/3,i);so]. (41) 



B. Phase-space functions 

Let us now turn from the relation between the charac- 
teristic functions Co^it{f3,t; s) and Ccav(/3; so) to the re- 
lation between the corresponding phase-space functions 



Pout(a,i;s) 



^ I d2^/3aout(/3,t;s) 



X exp 



N 



and 



Pcav(Q:;so) ^ \ I d^/3Ccav(/3; so)e 



(42) 



(43) 



respectively. Taking Cout(/3, t\ s) from Eq. 141(1 . we derive 
Pout(a,i;s) = Jd^^P J d^a Pci,y{a; sq) 



X exp 



N 



exp 



AT 



exp[A(/3,i)a*-A*(/3,t)a]exp[i|A(/3,i)p(l-so)]. 



(44) 



To perform the 2 A^- fold integral over the /?„, we change 
the variables by means of a unitary transformation 



N 



thus 



(45) 



(46) 



(47) 



In fact, this transformation corresponds to the introduc- 
tion of non-monochromatic modes, the phase-space vari- 
ables of which are given by 



N 



(48) 



In order to diagonalize the quadratic form in the last 
exponcntal in Eq. ((44|l . we set 



Fn{t) 



where 



N 



(49) 



(50) 



so that, according to Eq. H45|l . P[ is expressed in terms 
of the Pn as 



(51) 



In this case, the multimode phase-space function in the 
new variables, simply reduces to the product of single- 
mode phase-space functions [Pout(Q:, t; s)^Pout(cK', i; s)], 

Pout (a', i; s) = Pout(ai,t; s)Pout(a2,i; s) • • • 

• • •Pout(ajv-ii*;'S)Pout(aAr,i;s), (52) 

as it is easily seen from Eq. (|44|l . Obviously, only the 
first of these output modes is related to the cavity mode, 
whereas all other modes are in the vacuum state. From 
Eq. H44|l it then follows that the phase-space function of 
the relevant output mode is given by (a' = a'^, (3' = P[) 

Pont{a',t;s) ^ \ ( dV j d2aPeav(a;so) 



X exp-^ 



i[l-s-r;(i)(l-so)]|/3'p}, (53) 



which after integration over (3' yields 
Pout(a',t;s) 



X / d aPcav(a; So) exp 
provided that 



^l-S-7/(t)(l-So) 

2\y/^a~a'\'^ 



l-s-Tj{t){l-so) 



1 



^7^(1- So) >0. 



(54) 



(55) 



Note that the case of equality sign should be understood 
as limiting process. We compare Eq. (|54() with the well- 
known relation 



<f(3P{(3; s')exp 



2|/3-a| 



(56) 
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which is vahd for 



s' - s > 0, 



(57) 



and see that the quantum state of the relevant output 
mode can be expressed in terms of the quantum state of 
the cavity mode in the compact form of 



Pout{a,t;s) = -^Pci 

T]{t) 



(58) 



where, for chosen value of s, the value of s' is given by 

l-s 



1 



To calculate i]{t), we recall that in the limit N - 



N 

lim ^|F„(t)|2= / dLo\F{oj,t)\' 



(59) 



(60) 



with F{u!,t) from Eq. (|20|l . Straightforward calculation 
yields 



vit) 



7rad 



7rad + 7abs 



-(7rad + 7abs)(t-to) 



(61) 



Setting in Eq. lfM|l s = sq = 0, we see that the Wigner 
function of the relevant output mode is the following con- 
volution of the Wigner function of the cavity mode with 
a Gaussian: 

2 1 



TT 1 - r^{t) 



X / d2/3Wcav(/3) exp 



1 - r^{t) 



(62) 



This equation reveals that for perfectly extracting a 
quantum state from a high-Q cavity, the condition 



v{t) 



> 1 



(63) 



l-7?(<) 

should be satisfied, i.e., the value of the extraction effi- 
ciency r]{t) must be sufficiently close to unity. How close 
to unity - it really depends on the characteristic quan- 
tum features of the state to be extracted. On the other 
hand, from Eq. (|61|l it follows that 

7rad 



ri{t) < 



7rad + 7abs 



(64) 



Note that 77(t) ~ 7i.ad/(7rad + 7abs) for sufficiently long 

times t - to ~ (7rad + 7abs)~^ • 



IV. EXAMPLES 

The really required efficiency for nearly perfect quan- 
tum state extraction sensitively depends on the quantum 
state that is desired to be extracted. To illustrate this, 
let us consider two examples of highly nonclassical states, 
namely Fock states and Schrodinger catlike states. 
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FIG. 1: Wigner function of the quantum state of the pulse 
that leaves the cavity, the mode of which is (initially) prepared 
in a single-photon state, (a) r]{t) — 0.99; (b) ri{t) — 0.71; (c) 
ri{t)^0.5. 



A. Fock states 

A typical nonclassical state is an 7i-photon Fock state, 
whose Wigner function reads 



VF(")( 

* cav V 



a 



2 

-( 

TT 



-l)"e-2|"I^L„(4|ap) 



(65) 



where L„(x) is the Laguerre polynomial of order n. Sub- 
stituting Eq. (|()^ into Eq. and employing the inte- 
gral representation of the Laguerre polynomials [s^ , 



= 2^ 



z"+i(l-z) ' 



(66) 
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where the contour 7 encloses the origin but not the point 
z = 1, after straightforward calculations we obtain the 
Wigner function of the output pulse as 



X Ln 



(67) 



From Eq. (|67|) it is not difficult to sec that the condition 



(68) 



must be satisfied to guarantee that the n-photon Fock 
state prevails in the mixed output quantum state. In 
the simplest case of a one-photon Fock state, n — 1, the 
condition reduces to ri{t) > 0.5. That is to say, the weight 
of the one-photon Fock state exceeds the weight of the 
vacuum state in the mixed state of the outgoing field, 

W!,llia,t) = [1~ ry(t)]W^(o)(a) +,7(t)W^(i)(a), (69) 

only if the extraction efficiency exceeds 50%. The condi- 
tion (|68|1 clearly shows that with increasing value of n the 
required extraction efficiency rapidly approaches 100%. 

The dependence on the extraction efficiency of the 
quantum state of the outgoing field is illustrated in Fig.Q] 
for the case in which a single-photon Fock state is desired 
to be extracted. Figure ^a) reveals that nearly perfect 
extraction requires an extraction efficiency that should 
be not smaller than ri{t) = 0.99, which for t 00 corre- 
sponds to the requirement that 7abs/7rad ^ 0.01. As long 
as ?7(t) > 0.5, the single-photon Fock state is the domi- 
nant state in the mixed output state, as can be seen from 
Fig.Ottb) [7/(t) = 0.71, i.e., 7ab«/7rad = 0.429 (t^oo)]. For 
r?(t)<0.5, i.e., 7abs/7iad>l (i— >oo)], the features typical 
of a single-photon Fock state are lost. Fig. ^c). 



B. Schrodinger catlike states 

Another example of typically nonclassical states are 
Schrodinger catlike states, e.g., 



= AA(|ao) + l-ao)), 



with ao real, and 



2 (1 + e-4"o) 



-1/2 



(70) 



(71) 



The Wigner function of such a state is given by 



Weav(a) = 



2AA2 



+ e 



— 2 |a+ao 



,-2|Q-Q0r 



2e"2|a| cos(4aolma) . (72) 



(a) 
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FIG. 2: Wigner function of the quantum state of the pulse 
that leaves the cavity, the mode of which is (initially) prepared 
in a Schrodinger catlike state given by Eq. 1701 with ao = 3. 
(a) ry(f) = 0.998; (b) r?(t) = 0.952; (c) ri{t) =0.84. 
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Substitution of Eq. ifT^ into Eq. yields the following 
expression for the Wigncr function of the output fields: 



Wout(a,t) 



[i-vmy (73) 



From Eq. H73|) it follows that nearly perfect extraction of 
the state requires the condition 



1 - vit) « 



1 



2|ao| 



(74) 



to be satisfied. 

Figure [3 illustrates the dependence on the extraction 
efficiency of the quantum state of the outgoing field for 
a Schrodinger catlike cavity state with ao = 3. Compar- 
ing Fig. 1^1 with Fig. ^ we see that, as expected, the ef- 
ficiency for extracting such a Schrodinger catlike state 
is required to be substantially higher than that for ex- 
tracting a single-photon Fock state. For a nearly perfect 
extraction of the chosen Schrodinger catlike state, the 
efficiency should be not smaller than = 0.998, i.e., 
7abs/7iad < 0.002 for t ^ cx) [Fig|2Ia)]. The nonclassi- 
cal interference fringes typical of a Schrodinger catlike 
state can be observed, at least rudimentarily, as long 
as 7/(0 > 0.84, i.e., 7abs/7rad < 0.19 (t^c5o) [FigHb); 
r?(t) = 0.952, i.e., 7abs/7rad = 0.05 (t— xx))]. For smaller 
values of the extraction efficiency, the quantum interfer- 
ences are effectively destroyed [Fig.|5fc)]. 



V. SUMMARY AND CONCLUSIONS 

We have derived an input-output relation that relates 
the quantum state of the pulse leaving a high-Q cavity to 
the quantum state in which an excited cavity mode was 
prepared at some initial time. Performing the calcula- 
tions in the phase space, we have represented the respec- 
tive quantum states in terms of s-parametrized phase- 
space functions and derived a formula that relates the 
phase-space functions of the outgoing field and the cav- 
ity mode to each other. Taking into account unwanted 
losses of the cavity mode, we have studied the conditions 
under which a nearly perfect extraction of non-classical 
quantum states from high-Q cavities should be possible. 

To calculate the quantum state of the outgoing field, 
we started from its time-dependent continuous multi- 
mode characteristic functional. By appropriate diago- 
nalization, it can be rewritten in terms of non-mono- 
chromatic modes, one of which is related to the cav- 
ity mode, while all other modes remain unaffected by 
the cavity mode. In this way, the s-parametrized phase- 
space functions of the quantum state of the relevant non- 
monochromatic output mode can be expressed in terms 
of s-parametrized phase-space functions of the quantum 



state in which the cavity mode was prepared. In par- 
ticular, the output Wigner function can be given as a 
convolution of the cavity Wigner function with a Gaus- 
sian reflecting the unwanted losses. 

The crucial parameter for nearly perfect extraction of 
a quantum state from a high-Q cavity is the extraction 
efficiency, which in the long-time limit is determined by 
the ratio between the cavity-mode decay rate due to un- 
wanted losses and the cavity-mode decay rate due to 
wanted (i.e., transmission) losses. This ratio must be suf- 
ficiently small in order to realize a nearly 100% extraction 
efficiency, where the really required smallness sensitively 
depends on the quantum state to be exctracted. In par- 
ticular, extracting highly nonclassical states can require 
extremely small values of this ratio. 

It should be pointed out that even for the best optical 
high-Q microcavities available the required efficiencies for 
nearly perfect extraction of nonclassical quantum states 
have not been reached, because the unwanted losses are 
of the same order of magnitude as the transmission losses 
So, in the simplest case of extracting from 
a cavity a one-photon Fock state, the weight of the one- 
photon Fock state exceeds the weight of the vacuum state 
in the mixed output quantum state only if the extraction 
efficiency is bigger than 50%. However, the biggest value 
that has been realized so far in the production of trig- 
gered single photons by coupling a single semiconductor 
quantum dot to an o ptic al mode in a micropost micro- 
cavity is about 38% [23 ■ On the contrary, in case of 
high-Q microwave cavities the absorption losses may be 
small compared with the transmission losses js^. 

We have concentrated on the calculation of the quan- 
tum state of the field that leaves a single cavity that is 
initially excited in some single-mode quantum state. The 
theory can also be extended to multimode excitation in 
a single cavity as well as multi-cavity systems. We have 
further assumed that the input field is in the vacuum 
quantum state. Clearly, the underlying formalism can 
also be applied to the case, in which the input field is 
prepared in another than the vacuum state. Needless to 
say that when the input field is in a thermal state, then 
additional noise is fed into the cavity, and the quantum 
state of the output field also carries additional noise. As 
can be seen from Eq. H16() , the operator input-output re- 
lation used in this paper does not take into account that 
the input field could be absorbed in the entrance port of 
the cavity, which would also give rise to additional noise. 
To include this effect in the theory, the input-output re- 
lation IjlGI) should be generalized, e.g., by following the 
line in Ref. 33]. 

Finally, we have assumed that the process of prepa- 
ration of the quantum state of the cavity mode is suffi- 
ciently short compared with the decay time of the cavity 
mode, so that the time scales of quantum state prepa- 
ration and extraction are well separated from each other 
and the preparation process can be ignored in the calcu- 
lations. At this point it should be mentioned that one 
possible way to reduce the effect of unwanted losses may 
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be the use of cavities of deliberately enlarged transmis- 
sion, so that the unwanted losses become small compared 
with transmission losses. When, for example, the radius 
of a microsphere cavity is diminished, then the transmis- 
sion losses increase, thereby the absorption losses remain- 
ing nearly constant [s^L I8(t|| . Since, on the other hand, 
the quality factor is reduced, the preparation time may 
be comparable with the cavity decay time, which is now 
determined by the transmission time. So, in the single- 
photon emitter experiments in Ref. |22| , in which a cavity 
of a Q value of 6 x 10* is used, the measured transmis- 
sion time of several microseconds is of the same order of 
magnitude as the cavity decay time. In order to answer 



the question of which quantum state is really obtained 
outside the cavity in such a case, the preparation process 
must necessarily be included in the calculations. 
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